ίJ) e 2 l(2) . . . ε n im is an eigen-value of n tfto if /(l),ί(2), . . . are non-negative integers such that Σ*(./) = #• Suppose now that βW is the unit matrix (of degree n). Since every eigen-value of βW is 1, we have si = e 2 = . . . = ε n = e, where e is a β-th root of unity. Let eι be an eigen-vector of a: ae γ = εe γ , and let e 2 be a vector, linearly independent of e x . We operate «W to e? x £J x . . . X β\ and get «^2 = εe 2 easily. Hence if βΓ&j is ίftβ ίimϊ matrix, then a = el« ^/z^r^ e* = l Using this fact we shall prove the following algebraic Proof. We may suppose that ©/9ΐ ^ ©*, where 5JΪ is a closed invariant subgroup of ©. Let G be the Lie algebra of ©, and let 9ΐo be the connected component of 9ί containing e. As the Lie algebra N of 31 is an ideal of semi-simple G, there exists an ideal M of G such that
We denote by ΪR the subgroup of © generated by M. Then since ilf is semisimple as an ideal of a semi-simple Lie algebra and © is f.r., Corollary to Theorem 2 in Part I implies that W is closed. Now from 3R/5W n 3lo ^ β/SRo and ®/3to/5R/5Ro ^ ®/5R , ©* is homomorphic with 9Jί: 5R ~ ©*. On the other hand since the Lie algebra of %R is isomorphic to that of ©*, 9Jΐ and ©* are locally isomorphic, so that the kernel 5) of the homomorphism Tl ~~ ©* is discrete. Then in virtue of Lemma 5 in Part I our assertion is a direct consequence of Lemma 8, q.e.d.
A Lie algebra G is called complex if G is isomorphic with a Lie algebra
over the field C of complex numbers, and a Lie group is called complex when its Lie algebra is complex. When the structure of a Lie algebra G is given by Take an involutive automorphism τ, r 2 = l r , of a compact form ϋf, and decompose i£ into eigen-spaces of τ:
where ϋfj, A"-j are eigen-spaces of τ belonging to eigen-values 1,-1 respectively. Now the subalgebra of G* given by
is a real form of G*, and conversely all real forms of G* can be obtained in such a way. Now isomorphic real forms of G*, considered as subalgebras of G*, are conjugated with respect to automorphisms. Therefore since any local automorphism of a simply connected Lie group can be extended to an automorphism in the large, in the simply connected complex semi-simple Lie group generated by <?*, isomorphic real forms of G* generate isomorphic subgroups. Next, we shall call a complex semi-simple Lie algebra complex simple if it has no proper complex ideal distinct from 0. It is easy to see that a complex simple Lie algebra, as well as a real form of a complex simple Lie algebra, is simple. Let G be a simple Lie algebra and Gc the complex form of G. Then only the following two cases are possible.
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Case 1. Gc is simple. Then G is a real form -of Gc, which is complex simple.
Case 2. G c is not simple. In this case G itself is complex simple. From now on we shall call a real form of a complex simple Lie algebra real simple, A real, or complex simple Lie group is defined correspondingly.
Let now @* be a complex Lie group and G* the Lie algebra of ®*. We shall call a subgroup © of ©* generated by a real form G of G* a ratf /om of @* 3 and call ©* a complex form of @, While a Lie algebra always has one anci only one complex form, a Lie group may have no complex form at all, or have sevex*al complex forms. LEMMA Proof. Let G = P%ι +...-+-Px r be the linear Lie algebra of ®. It is clearly sufficient to show that xfs are linearly independent with respect to C.
First suppose that © is compact Then since any compact linear group is equivalent to a subgroup of the unitary group, there exists a matrix a such that a~ιGa is composed of skew hermitian matrices. Suppose now that a } Xi -f a*x 2 + . . . + oc r Xr = 0 αf-εC.
Then we have α 1 β-1 *jβ+ cc*ar l xia + . . . •f a r a~ι%ra = 0 β Now since every a~ιXia is skew hermitian, we have flFjflΓ 1 *-f α flΓ 1 *** + . . + Έ r a" x x r a = 0, so that #JΛΓJ + # 2 #2 + . . . + ά r^ = 0, where a denotes the conjugate complex number of a. Then the linear independence of ATj ' s with respect to P implies that oc\ = a % -. . . = a r = 0.
Next let G be real simple. We know that its complex form G c is simple. Hence the complex-linear Lie algebra spanned by Xi, Cx s -f Cx* + . . . -f Cx r , forms a faithful representation of Gc, q.e.d 7 β Let G be a Lie algebra and let © be a corresponding connected Lie group. If @ is f.r. and any f.r. Lie group %, generated by G, is homomorphic with ©, we call © a linear covering group of G, or of an f.r. Lie group generated by G ? or merely with respect to its structure. The linear covering group of a complex simple Lie algebra is simply connected, and that of a real simple Lie algebra can be obtained as a real form of the simply connected group generated by its complex form.
Proof. A compact Lie group is f.r, 7) in virtue of the theory of almost peẼ riodic functions. Let G* be a complex (semi-) simple Lie algebra and K its compact form. Since K always generate a compact group by the above mentioned theorem of Weyl, there exists a simply connected linear Lie group $ generated by K. Now by Lemma 10 there exists a complex-linear Lie group ffc which contains $ as a real form, whence the Lie algebra of ®c is isomorphic with G*. The space of $ c , the direct product of that of $ and the Euclidean space of a certain dimension, is also simply connected. Therefore a simply connected complex (semi-) simple Lie group is f.r. Next let G be a real simple Lie algebra, and let © be the simply connected Lie group corresponding to G and 3 the center of ©. Denote by @c the simply connected Lie group corresponding to the complex form Gc of G, and by © a real form of @ c whose Lie algebra is G. The structure of © is then determined uniquely. (See §β.) Let now 3 be a discrete invariant subgroup of © so that •©A3 = © Since © is f.r. and the center of © is isomorphic to 3/3? the index Λ
C3
: 3] must be finite by Lemma 5 in Part I. Now let © be an f.r. Lie group corresponding to G. The existence of a complex form ©c of © can be assured by Lemma 10. Since in the homomorphism @c ^ ©c there corresponds © to @, we have © -» ©. Hence @ is a linear covering group for G. We note also the fact that the order of the center of © is not less that that of ©.
Suppose now that a linear representation /, © 3 i?->/(£% gives a faithful representation of ©, and let a be an automorphism of @. The kernel of the representation of © given by~
is clearly 3 0 3" = ®. Since ®/S) is f.r., we have that [3 : ©] ^ [3 : 3] < °° . Since © is contained in 3 we get 3 = 3 σ = ® ? namely 3 is characteristic. The uniqueness of the linear covering group of G may be proved by a similar argument.
Next let © be an f.r. Lie group generated by G, and let ψo be a local isomorphism of © to ©. Since 3 is a characteristic subgroup of ©, there exists a homomorphism φ so that ψ = ψo locally, q.e.d.
In virtue of Lemma 9 and Theorem 3 we can count up all simple f.r. Lie groups, since all simply connected complex simple Lie groups are known.
For example in the four grand classes A n ,B n ,C n {n = 1,2,. . . ) and D n {n = 3,4,. . . ) of complex simple Lie algebras given by Lie-Kilίing-Cartan, we are familiar with the simply connected groups for the classes A n and C n i.e. the unimodular groups and the symplectic groups, 9) and for B n and D n the classes of the proper orthogonal groups, the so-called spin representations 10) give us simply connected groups.
The necessity of the second example of non-f.r. Lie groups given by Cartan ? J1)
i.e. an arbitrary proper covering group of ©ί(2,P), is now clarified, because ©ί(2,P) is, as a real form of the complex unimodular group, which is simply connected, a linear covering group of itself. Proof. Let g be a connected semi-simple (/) -group and © the universal covering group of ©, and let © be the linear covering group of the Lie algebra of @. We may suppose that © = ®/3) and © = ®/3. Let z be an element of 3. Since ®/9ΐ« is f.r. there corresponds to z the unit element in the homomorphism ®(^@) ~®/9ϊ β , namely z®E9ΐ α , whence zΦiD because Π9ί β is the unit Proof Let m be the dimension of §. It is clearly sufficient to prove the lemma when m = 1. We may suppose that £> is a one-parameter group exp λx 9 where x is a matrix and λ a real parameter, furthermore that % is generated by exp x = d. We decompose the vector space M on which ($ operates into eigen-spaces with respect to x:
where or, /9,. . . denote eigen-values of x. Next we sum up eigen-spaces whose eigen-values are the same mod. 2 7rV^T:
. . . mod. α(2) = /3(2) = . . . mod.
. . is then clearly the eigen-space decomposition with respect tod= expx 9 whose eigen-values are exρα(l) = exp/3(l) = . . ., expo:(2), . . . .
Since d is contained in the center, the eigen-spaces Mi {I = 1,2,. . , ) are allowable by ©, and hence © is decomposed into the representations induced on Mi. Now define matrices Xj and # 3 by the equations X\eι = a{l)eι for */ e Λfi / = 1,2, . . . , tfs£p = p£ P for gpGMp p = a,β,. . . , and put
then we have
where x's are mutually commutative, x Q is nilpotent, and x x and # 2 are semisimple.
1^
Since the eigen-values of x 2 are all integral multiple of 2πV -1, we have exp x 2 = 1« where w denotes the dimension of M, and hence 6? = exp ΛΓO exp ^j.
Then since d is contained in the center, we can easily prove that the matrix x 0 is commutative with any matrix of ( §. Hence we have Proof. Let G be the Lie algebra of ©, and iV the subaigebra of G corresponding to 9L Then an inner derivation of G induced by an element of N is always nilpotent. Hence the linear group 51*, corresponding to 5ί in the adjoint representation of ©, is simply connected, by Lemma 6 in Part I, and contains no compact subgroup except e. Hence a compact subgroup $ is contained in the kernel of the adjoint representation, i.e. the center, q.e.d. THEOREM 5.
14)
Let © be a connected solvable Lie group. The following conditions are all necessary and sufficient for © to be f.r: I)©=2ί9l21n9ϊ = έ?, where 2ί is a {maximal) compact subgroup and 31 is a closed simply connected invariant subgroup. 2) C(©)( = 75(©)) is simply connected.
3) The center of C(©) is connected and simply connected. 4) 21 n /}(©) = e, where % is a maximal compact group of ©. We note here the fact that a compact connected solvable Lie group is commutative, and hence a toroidal group.
Proof. Let G be the Lie algebra of © and A a subalgebra of G corresponding to a maximal compact subgroup 91. First we shall proceed to prove the following implications: (© is f.r.) -* 4) -* 1) -* (® is f.r.)
Let © be f.r. Since there corresponds a semi-simple matrix for an element of A, and a nilpotent matrix for an element of D{G) in any representation of ©, we have An D{G) = 0. On the other hand the commutator group Z>(©) is closed and simply connected by. Lemma 7 in Part I. Hence we get 21 n D(®) = e, i.e. 4).
Next from 4) we have An D(G) = 0, and hence there exists a subspace N of G such that iV ϋ D(G) 9 G = A + N AnN = 0. AT is then obviously an ideal. Let © be the universal covering group of © and let % 31 be (closed) subgroups of © generated by A, N respectively. Then the simple connectedness of the factor group ®/!K by Lemma 3 in Part I implies that Si n 31 = e. Let © be the kernel of the hornomorphism © ~~ ©. Then S) is obviously contained in 21 because 2ί is a maximal compact subgroup of ©. Hence N generates a closed simply connected group 31 in ©. That 2ί n 91 = e follows immediately. Thus we get 1). Now suppose that the condition 1) is satisfied. Then by Lemma 11 the universal covering group of © is f.r., and using Lemma 12 we get a faithful representation of ©. Thus we have the equivalence of the faithful representability, 1) and 4). Now from the simple connectedness of the adjoint group of a connected nilpotent Lie group and by Lemma 3 in Part I we can easily prove that 2) is equivalent to 3). Next from 1) we get 2) because C(@) is contained in % Suppose now 2) is satisfied for ©. Then £>(©) is, as a Lie subgroup of the simply connected C(®), closed, and hence coincides with C(©), q.e.d.
From Theorem 5 and Lemma 13 we get the following COROLLARY 1.
15)

A connected nilpotent Lie group is f.r. if and only if it is
14)
Cf. Froof. Let © be a connected solvable Lie group. Suppose that © is not f.r.
Then the center of C(©) contains a compact group $(# e) by Theorem 5. Since M is mapped into the unit matrix in any linear representation of ©, © is not an {/)-group. q.e.d.
Remark.
A connected non-f.r. solvable Lie group has no locally isomorphic {univalent) representation. F.r. Lie groups 9. Let G be a Lie algebra and R the radical of G, and let R } be the intersection of R and D(G). Then the factor algebra G/Ri is decomposed into a direct sum of a semi-simple ideal S and the center Z:
Let S be the linear covering group of S, and Z the w-dimensional vector group, where m denotes the dimension of Z. The direct product 3 x 3 is then clearly f.r., and furthermore there exists a faithful representation of Sx 3 such that the -center of the corresponding linear Lie algebra consists of nilpotent matrices. Let Gj be the linear Lie algebra of such a representation. Let now G 2 be an arbitrary faithful representation of G. Then the representation of G defined by
is of course faithful. Let now © be the linear Lie group generated by G*. Then we may easily prove that the radical 9ί of © is simply connected in such a way as in the proof of Lemma 11. Let S be a maximal semi-simple Lie subgroup of ©. Since 8 is closed and the center of β is finite in virtue of § 4 in Part I ? S π fί is also a finite group, whence the simple connectedness of §1 implies that S π 9ί = e. On the other hand since © has a representation which is isomorphic to ©, we get that S ^r @/3ί ~~ @, whence we have S ^r ( §> comparing the orders of the centers of ® and @. Now we shall prove that our © is a linear covering group of G. First let), a maximal semi-simple Lie subgroup of ©, is f.r. ? we get that IπΦiS, whence 3 is contained in ©: 3 ϋ ©. Hence © is homomorphic with ©, namely © is a linear covering group. Here we note the fact that the discrete invariant subgroup 3 is characteristic, which will be seen easily. Now the uniqueness of the linear covering group for any Lie algebra may be proved as in the proof of Theorem 3.
Next let © be a linear covering group and 9ϊ a Lie invariant subgroup of ©. An analogous argument as in Lemma 3 in Part I shows that 51 is closed and 5i and ©/9Ϊ are both linear covering groups.
From the above considerations we may easily prove the following Proof. Let G be the Lie algebra of © and R the radical of G. Since the radical 3f is f.r. and solvable there exist closed subgroups % and 3ΐ' of 3ί such that 3t = 3ER', 2ίn3ί' = έ?, where 31 is a toroidal group and 9ΐ' is simply connected and invariant in 3ϊ.
Let h(λ) be an everywhere dense one-parameter subgroup of 5ί: h(λ) = 21, and let x be an element of G which generates h{λ). Now we decompose G and R into eigenspaces of the inner derivation δ x induced by x. Since δ x is semi-simple because of the compactness of 2ί, we may put JV is, as an ideal of R and an S-module, an ideal of G. Let now 5Ϊ be the subgroup of © generated by N. 51 is easily seen to be closed and simply connected. Thus we get the decomposition
where 51 is a toroidal group and 9ΐ is a closed simply connected invariant subgroup of ©. Next let © be the subgroup generated hy S. Since the center of © is finite in virtue of Lemma 5 in Part I because © is f.r., © is closed by Theorem 2 in Part I. Then the compactness of 2ί implies that ©21 is closed. Now since the center of ©Sί is compact and 9ΐ contains no compact subgroup except e, we have ©21 n 9Ϊ = e, whence © is topologically a direct product of ©2ί and 9Ϊ:
Let now ® be the linear covering group of G. Then by the remark to Theorem 6, © is a covering group of (S. Let ©, 2X and 51 be subgroups of ® generated by S, A and JV respectively. Then © = S2ί5ί and the space of ® is the direct product of the spaces of ©, % and 51. Since 51 is simply connected, we have ® ϋ ©$, where © denotes the kernel of the homomorphism © ~ ®. 2) The radical of C(®) is simply connected.
Proof. If (8 is f.r., the above two conditions are obvious. Conversely let us suppose that 1) and 2) are satisfied. Let © be a maximal semi-simple Lie subgroup of © and 3ϊ the radical of ©. Since any simple invariant Lie subgroup of © is f.r., © is also f.r. by Corollary 1 to Theorem 4. Now since C(9f) is contained in the radical of C(®), it is simply connected, whence 3ϊ is f.r. by Theorem 5. Therefore the theorem follows from Theorem 7, q.e.d. 
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